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ABSTRACT. Mathematical models,which are based on a understanding of bio-
chemical process and biological knowl\’ege,can provide nonintuitive insights into
the circadian rhythmo and can suggest new avenues for experimentation.A simple
mathematical approach is developed to explore the dynamics of the Drosophila cir-
cadian components,that are per-RN$\mathrm{A},PER-pr\mathrm{o}te\mathrm{i}\mathrm{n},tim-\mathrm{R}\mathrm{N}A,TIM$-protein and
PER-TIM complex.The model simulations are compared to data on the genera-
tion of circadian rhythms,entrainment to LD cycles,phase response curves (PRCs),loss
of rhythmicity in constant light,per mutations and temperature compensation.These
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$S_{1}$ negative feedback I $S_{1}$




feedback $I$ $S_{1},$ $S_{2},$ $\cdots,$ $S_{n}$
[1]
$\dot{S}_{1}=\frac{I\beta}{1+\alpha S_{n}^{\rho}}-k_{1}s_{1}$ , $\dot{S}_{2}=k_{1}S1^{-}k2S2$ ,
















$\dot{S}_{1}(t)=\frac{I\beta}{1+\alpha S_{n}(t-\mathcal{T}_{n})^{\rho}}-k_{1}S_{1}(t)$, $\dot{S}_{2}(i)=k_{1}s_{1}(t-\tau 1)-k2S_{2}(\mathrm{t})$ ,
.....................
$*\cdots..-\ldots\ldots\ldots..\cdot.$ , $\dot{S}_{n}(t)--k_{n-}1s_{n-}1(t-\mathcal{T}_{n-}1)-knsn(t)$ .
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Per-RNA PER-protein , DNA
negative feedback loop 24
$[9, 10]$ per-RNA RNA processing control,RNA
transport control,translation control $[15, 16]$
PER-protein per-RNA PER-protein
6 ( 4 )
$[3, 5]$ – tim-RNA
$TIM$-protein PER-protein TIM-
protein PER-TIM complex
DNA negative feedback RNA
PER-TIM complex
[5, 6, 7, 8, 11, 12]
$[13, 14]$ $TIM$-protein
$TIM$-protein
[5, 6, 7, 8] $TIM$-protein PER-protein
[$5|$
Per-RNA. $PER- \mathrm{p}\mathrm{r}\mathrm{o}\mathrm{t}\mathrm{e}\mathrm{i}\mathrm{n}_{\text{ }}tim$-RNA. $TIM- \mathrm{p}\mathrm{r}\mathrm{o}\mathrm{t}\mathrm{e}\mathrm{i}\mathrm{n}_{\text{ }}$














; $t$ ; $S(t-\tau)$ $(t-\tau)$ $S$ ;
$S_{1},$ $S_{2},$ $s3,$ $S4,$ $s_{5}$ per-RNA,PER-protein,tim-RNA,TIM-protein,PER-
$TIM$ complex ( ) $\tau_{1}$ per-RNA
time $\mathrm{d}\mathrm{e}\mathrm{l}\mathrm{a}\mathrm{y}_{\text{ }}\tau_{2}$
tim-RNA
time $\mathrm{d}\mathrm{e}\mathrm{l}\mathrm{a}\mathrm{y}_{\text{ }}$ PER-TIM complex
time delay $I_{1},I_{3}$ $\mathrm{D}\mathrm{N}\mathrm{A}$ $\mathrm{R}\mathrm{N}\mathrm{A}$
$I_{2}k_{7},$ $I_{4}k_{8}$ $\mathrm{R}\mathrm{N}\mathrm{A}$
$k_{1},$ $k_{2},$ $k3,$ $k_{4},$ $k_{5}$ $k_{6}$ $TIM$ PER
PER-TIM complex
= ($\tau_{1},$ $\tau_{2,3}\mathcal{T},$ Il, $I3,$ $I_{2}k7,$ $I_{4}k_{8},$ $k_{1},$ $k2,$ $k3,$ $k4,$ $k5,$ $k6,$ $\alpha 1,$ $\alpha_{2},$ $\beta 1,$ oe, $\rho 1,$ $\rho 2$ )
22
–2 time delay (2.3 ) ,
(Figl) $S_{1}$
$S_{5}$ $S_{5}$ negative feedback
$\text{ }\frac{I_{1}\beta_{1}}{1+\alpha_{1}s_{5}(t-\tau 3)\rho_{1}}$ $k_{1}$ $S_{\mathit{2}}$
\tau 1 $S_{1}$ $I_{2}k_{7}S_{1}(t-\mathcal{T}_{1})$
$k_{2}$ $S_{3}$ $S_{5}$
$\tau_{3}$
$S_{5}$ negative feedback $\text{ }\frac{I_{3}\ }{1+\alpha_{2}S_{5}(t-\tau_{\mathit{3}})\rho 2}$
$k_{3}$ $S_{\mathit{4}}$
$\ovalbox{\tt\small REJECT}$
$S_{3}$ $I_{\mathit{4}}k_{\mathit{8}}S_{3(-\tau}t2$ ) $k_{3}$
$S_{5}$ $k_{6}$ $S_{2}$ $S_{\mathit{4}}$ $k_{5}$
3.2.
$\tau_{1},$ $\tau_{2,3,}\mathcal{T}$ I , $I_{3,2}Ik_{\mathit{7}},$ $I_{4}k\mathit{8},$ $k1,$ $k_{2},$ $k3,$ $k_{\mathit{4}},$ $k5,$ $k6,$ $\alpha_{1},\alpha_{2},\beta 1$ ,
$\beta_{2},p_{1},\rho_{2}$
$(\alpha_{1}, \alpha_{\mathit{2}}, \beta_{1}, \alpha, p1,p2)_{\text{ }}$
2 time delay $(_{\mathcal{T}_{1},\tau_{2}}$ , $\tau_{3}^{)_{\text{ }}}$
$(I_{1}, I_{3}, I_{2}k_{7}, I_{\mathit{4}}k\mathit{8}, k1, k_{2}, k3, k_{4}, k_{5}, k6)$






DNA $\alpha_{1},$ $\alpha_{2},$ $\beta_{1},$ $\beta_{2},$ $\rho 1$ $\rho_{2}$ ; RNA RNA
RNA $\tau_{1}$ $\tau_{2}$ ; $\mathrm{m}$-RNA $k_{1}$






PER-protein PER-antigen antibody PER-
antigen antibody PER-protei$n$ PER-TIM complex
PER-protein [6] PER-
protein PER-protein PER-TIM complex
per-RNA peak PER-protein PER-TIM complex
peak 6 $\tau_{1}=\tau_{2}=4.0$. .
24 (Fi$g2$ )
[11, 12, 15, 16] time
delay $(\tau_{1}, \mathcal{T}_{2}, \tau_{\mathit{3}})$ DNA negative feedback 24
(Fig2AB) 24




$=$ $TIM$-protein $\mathrm{Z}\mathrm{T}20$ ( $\mathrm{Z}e\mathrm{i}\mathrm{t}\mathrm{g}e\mathrm{b}\mathrm{e}\mathrm{r}$ time)
1 15 $\text{ _{ } ^{ } }\frac{1}{6}$
[5]
S4 1 $a$
$\dot{S}_{\mathit{4}}(t)=1-as4(t)$ . $S_{\mathit{4}}(t)=e_{0}e-at+\underline{1}$ .
$S_{4}(0)=1$ 1 15
$S_{4}(1)=(1- \frac{1}{a})e-a+\frac{1}{a}=1.5$ $a=.0.4$
1 $\backslash ---\tau-,$ $-\mathrm{Y}$ -L. $\tau$ . $-$ $-’\backslash$ 1 1$-..—\mathrm{A}\cdot\backslash --$ ’ . $-$ 1
6 $\lim_{larrow\infty \mathit{4}}S(t)=-a\mathrm{A}=\overline{6}\perp$
$a=6$
$k_{5}=0.3$ $k_{4},$ $k_{5}$ 20
PER-TIM-comPlex $\dot{T}IM$-protein PER-protein
$\dot{S}_{2}(t)$ $(20-1)\cross 0.3S_{5}(t)$ $\supset-$

































Figl $S_{1}(t),$ $S_{2}(t),$ $s_{3(}t),$ $S\mathit{4}(t),$ $s_{5}(t)$ $=0$ ,
$\tau_{1}=\tau_{2}=4.\mathrm{o},$ $\tau_{3}=1.0,$ $I_{1}=1.0,$ $I_{\mathit{3}}=2.0,$ $I_{2}k_{7}=I_{4}k_{8}=1.\mathrm{o},$ $k_{1}=0.38,$ $k_{2}=0.38,$ $k_{3}=0.30$ ,
$k_{4}=0.20,$ $k_{\mathit{5}}=0.30,$ $k_{6}=0.20,$ $\alpha 1=1.0$ , \alpha 2=10,\beta 1=[ $=1.0,$ $\rho_{1}=\rho_{2}=3.0$
$A:S_{5}- t$ 24
$\mathrm{B}:S_{1},$ $S2,$ $S_{3},$ $S_{\mathit{4}},$ $S_{\mathit{5}}-.t$ tim-RNA \Phi f[ CT12 (circadian time)
$\mathrm{C}:S_{1}$ , $S_{2}$ , $S_{3},$ $S_{\mathit{4}},$ $S_{5}-t$ $\mathrm{L}$ ( ):D( )$=12:12$ PER-protein
$\mathrm{Z}\mathrm{T}1$ ZT12 $24n\leq t<12+24n$
$k_{\mathit{4}}=20\cross 0.2,k_{5}=20\cross 0.3;\dot{S}_{2}(\iota)=S_{1}(t-4)-\mathrm{o}.38s2(t)-\mathrm{o}.2s_{2}(\iota)S\mathit{4}(\iota)+(20-$




$\mathrm{A}:S_{5}- t$ $\mathrm{F}\mathrm{i}\mathrm{g}2\mathrm{A}$ $79\leq$
$t<80$ $78\leq t<80$ $k_{\mathit{5}}=4\mathrm{X}0.3_{\text{ }}79\leq t<80$
$k_{\mathit{4}}=4\cross 0.2$ $\dot{S}_{2}(t)=S1(t-4)-0.\mathrm{s}8S2(t)-0.2s2(t)S4(t)+(4-1)\cross 0.3s_{5}(t)$ .
Fig2 $k_{5}$ 2 PER-TIM
complex time delay 1 1
$\mathrm{B}:S_{5}- t$ Fi$g2\mathrm{A}$
$89\leq t<90$
C: $\mathrm{P}\mathrm{R}\mathrm{C}_{0}$ 1 4
13 2 $S_{\mathit{5}}$
$\mathrm{P}\mathrm{R}\mathrm{C}$
$\mathrm{F}\mathrm{i}\mathrm{g}3\mathrm{A}$ ,t $=80,\mathrm{C}\mathrm{T}\mathrm{l}\mathrm{l}.\mathrm{F}\mathrm{i}\mathrm{g}3\mathrm{B}$ ,t $=90,\mathrm{C}\mathrm{T}21$
Circadian time $0$ 12
CT12 CT24




$\mathrm{A}:a$ , $S_{5^{-}}t$ 20 $k_{4}=20\cross 0.2_{\text{ }}k_{5}=20\cross \mathit{0}.3_{\text{ }}$
$\dot{S}_{2}(t)=S_{1}(t$ - 4$)$ $-\mathit{0}.38s_{2}(t)-0.2S_{2}(t)S\mathit{4}(t)+(20-1)\mathrm{X}0.3S5(t)$
$b$ , $S_{5^{-}}t$ 4 $k_{4}=4\cross 0.2_{\text{ }}k_{5}=4\cross 0.3_{\text{ }}$
$\dot{S}_{2}(t)=S_{1}(t - 4)-$ $0.38S_{2}(t)-0.2s2(t)s_{4}(t)+(4-1)\cross 0.3S_{\mathit{5}}(t)$






$per^{0},per,$ per$\epsilon$ L, timeless mutation
28
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(black box) implicit time delay explicit time delay
explicit time delay –
implicit time delay explicit
time delay
4. $=$ 24
1. DNA negative feedback




3. PRCs 2 PRCs
4.
5.




1. C. Walter, The Occurrence and the Significance of Limit Cycle $Beh\beta\dot{m}or$ in Controlled Bio-
chemical Systems,J.Theor.Biol.,27, 25&272(1970).
2. C. M. Mackey and L. Glass, Oscillation and Chaos in $Phy_{\dot{\Re}}ologiCal$ Control
Systems,SCIENCE,197,287-289(1977).
3. H. Zeng,P. E. Hardin,M. Rosbash, Constitutive $over_{\mathrm{W}^{r}n}es\dot{\alpha}O$ of the Drosophila period $prot\dot{\alpha}n$
inhibits period $mRNAcycling,\mathrm{T}\mathrm{h}\mathrm{e}$ EMBO Joumal, $13,3590- 3598(1994)$ .
4. T. Kondo et $\mathrm{a}1$ , Circadian Clock Mutants of Cyanobacteria,SCIENCE,266,1233-1236(1994).
5. M. Hunter-Ensor,A. Ousley,A. Sehgal, Regulation of Drosophila Protein Timeless Suggests a
Mechanism for Resetting the Circadian Clock by Light $\mathrm{C}\mathrm{e}$]$1,84,677-\mathit{6}\mathit{8}\mathit{5}(\mathit{1}\mathit{9}\mathit{9}\mathit{6})$ .
6. H. Zeng,Z. Qian,M. Myers,M. Rosbash, A light-entrainment mechanism for the Drvsophila
circadian clock,NATURE,380,129135(1996).
7. M. P. Myers,K. Wager-Smith,A. Rothenfluh-Hilfiker,M. W. Young, Light-Induced Degrada-
tion of Timeless and Entrainment of the Drosophila Circadian Clock,SCIENCE,271, 1736-
1740(1996).
8. C. Lee,V. Parikh,T. Itsukaichi,K. Bae,I. Edery, Resetting the Drvsophila Clock by Photic Rq-
ulation of PER and a PER-TIM Complez,SCIENCE,271,1740-1744(1996).
9. P. E. Hardin,J. C. Hall,M. Rosbash, Feedback of the $DrosoPhi\iota_{a}P^{e}\dot{n}od$ gene Product on circadian
cycling of its messenger $RNA$ levels,NATURE,343,53&540(1990).
10. B. D. Aronson,K. A. Johnson,J. J. Loros,J. C. Dunlap, Negative Feedback Defining a Circadian
$ol_{\mathit{0}\mathbb{C}}k.\cdot Autoregu\iota_{a}tion$ of the Clock Gene ffequency,SCIENCE,263, 157&1584(1994).
11. L. B. Vosshall,J. L. Price,A. Sehgal,L. Saez,M. W. Young, Block in Nuclear Localization of
$p\alpha\dot{r}od$ Protein by a Second Clock Mutation, timeless,SCIENCE,263,1606-1609(1994).
12. K. D. Curtin,Z. J. Huang,M. Rosbash, $T\alpha np_{om}lly$ Regulated Nuclear Entry of the $m_{so_{P^{hila}}}$
period Protein Contributes to the Circadian Clock,Neuron,14,365-372(1995).
13. I. Edery,L. J. Zwiebel,M. E. Dembinska,M. Rosbash, Temporal phosphorylation of the
Drosophila period $p\mathrm{r}ot\dot{\alpha}n,\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{c}.\mathrm{N}\mathrm{a}\mathrm{t}\mathrm{l}.\mathrm{A}\mathrm{c}\mathrm{a}\mathrm{d}.\mathrm{s}\mathrm{C}\mathrm{i}.\mathrm{U}\mathrm{S}\mathrm{A},\mathit{9}1,226\alpha \mathit{2}\mathit{2}64(1\mathit{9}\mathit{9}4)$ .
14. Z. J. Huang,K. D. Curtin,M. Rosbash, PER $Prot\dot{\alpha}n$ Interactions and Temperature Compen-
sation of a Circadian Clock in Drvsophila,SCIEN$C\mathrm{E},\mathit{2}67$ ,116&1172(1995).
15. B. Alberts et al., Molecular Biology of the CellGaxland Publishing,p401-47, $1\mathit{9}\mathit{9}4,(\mathrm{t}\mathrm{h}\mathrm{i}\mathrm{r}\mathrm{d}$ \’ei-
tion).
16. J. E. Darnell Jr, Variety in the level of gene control in eukaryotic cdls,NATURE,2$\mathit{9}7,36\triangleright$
371(1982).
17. A. T. Winfree, Integrated View of Resetting a Circadian Clock,J.Theor.Biol.,28,327-374(1970).
18. J. L. Price,M. E. Dembinska,M. W. Young,M. Rosbash, SuPPression of Period $\mathrm{p}rot_{\dot{\theta}n}$
abundance and circadian cycling by the Drosophila clock mutation timdess,The EMBO
Joumal, 14,4044-4049(1995).
30
